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Abstract 



We study the interaction of a scalar and a spinning particle with a coherent lin- 
earized gravitational wave field treated as a classical spin two external field. The spin 
degrees of freedom of the spinning particle are described by skew-commuting variables. 
We derive the explicit expressions for the eigenfunctions and the Green's functions of 
the theory. The discussion is exact within the approximation of neglecting radiative 
corrections and we prove that the result is completely determined by the semiclassical 
contribution. 

^. . 

1 Introduction 

X 

For many years Grassmann variables have been a common practice for giving a pseudoclas- 
sical framework to describe spin, pQ-[Ii], or other internal degrees of freedom of elementary 
particles, |3J. Of course the value of such models must be thought of in view of their 
quantization, that can be the canonical one or, in view of the inherent pseudoclassical 
description, the path-integral quantization. Although some technical caution had to be 
taken in extending the path-integral to skew-commuting variables (it is, for instance, rel- 
evant whether their number is even or odd), nevertheless the program was successfully 
carried out, see e.g. jTj. 

We have recently presented the quantization of the theory describing a spin ^ particle 
in an external electromagnetic wave field by using the path-integral and external source 
method and we have produced the corresponding Feynman propagator, [Jy. The electro- 
magnetic interaction at the pseudoclassical level was introduced by the standard minimal 
coupling directly in the constraints describing the theory. The self-consistency of the the- 
ory automatically produced the non minimal electromagnetic coupling characteristic for 
the spin 1/2 particle (Pauli term). The calculations leading to the final result were straight- 
forward, although somewhat complex, due to the above mentioned cautions. In this paper 
we consider the problem of describing the interaction of a scalar and a spinning particle at 
a first quantized level with an external gravitational field. Of course, if we don't want to go 
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far beyond our possibilities of performing explicit calculations, the gravitational field must 
be taken in the linear approximation. Even with this simplifying assumption, however, we 
have to face new features with respect to [SJ, such as the treatment of covariant derivatives 
of Grassmann variables, responsible for the spin- gravitational field interaction and whose 
affine connections have to be substituted with their symmetric part, implying that the 
spinning particle cannot be directly coupled to the torsion, [SJ. Following the approach 
started by JHJ we are able to evaluate the eigenfunctions and the Feynman kernel if we 
assume that the linearized field is that of a gravitational wave. When restricting ourselves 
to the even sector, we recover the propagator of a scalar particle, calculated in JJ, by 
using symmetry arguments and canonical transformations in the path-integral framework. 

A brief summary of the paper is as follows. In Section 2 we give the main definitions 
of the physical quantities as well as the gauge conditions we will assume on the metric 
and on the affine connections. We then calculate the wave function for the scalar particle, 
whose Green's function is discussed in Section 3 together with its semiclassical limit. The 
linearized theory for a spinning particle in the external gravitational wave is described in 
Section 4, while in the final Section 5 we consider the corresponding Green's function and 
we show, for the spinning particles too, the semiclassical nature of the results. 



2 Scalar particle in an external gravitational wave: linear 
theory 

According to general relativity, the interaction of matter with a given gravitational field is 
introduced in a geometrical way by replacing the flat Minkowski metric rjnu = (+,—,—,—) 
by a tensor g tiv {x) depending upon the coordinates rc M = (x°, H?) = (t, it) and by using the 
general covariance principle [T2] . Therefore the action describing a massive scalar particle 
interacting with an external gravitational field can be written as: 



d?-x^-g{x)h{<t>{x),D^{x)) (2.1) 

where g(x) is the determinant of the metric and the covariant derivative. Letting 
g^ v {x) be the inverse of the metric tensor, the Lagrangian density L has the form 

L = 1 sT{x) D^{x) D v <t>(x) - \m 2 ^ 2 {x) (2.2) 

and produces the equation of motion 

(g^(x)D, l D u + m 2 ) ( p(x) =0. (2.3) 

The energy-momentum tensor of the matter field, in the absence of gravity, is obtained by 
the usual relation 



= -t/^Lo + d'V(x) d v (f){x) (2.4) 

where Lo is the free Lagrangian density. When the gravitational field is weak and described 
by a small perturbation to the flat metric 



VW^V + VW- sTW-rr-hrix) (2.5) 
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we can consider the linearized theory with a Lagrangian density 

L = L - ^(i) T^(x) = (1 + \h(x))U - \h^(x) 8^(x) d u <j,{x) (2.6) 
where h{x) = r]^ u h^ u {x) = h^(x). The Lagrange equations derived from Q2.6JI are thus 

( (1 + h(x)) (d^ + m 2 ) - h^(x) - (d^K(x) - \d v h{x)) ff / )<f> = (2.7) 

Upon multiplying on the left by the factor (1 — h(x)/2) , at this order in h liv (x) equation 
1)2. 7|) can be further simplified to 

( 9 ^ - hT(x) d^d u - (d^ u (x) - \d v h{x)) 9" + ™ 2 ) = (2.8) 

From (|2.8|) it appears that we are considering a theory describing the interaction of 
scalar matter with a given gravitational field treated as a spin two external field in a 
flat Minkowski spacetime |13| . 

As is well known there are some conditions that can be imposed on the metric tensor, 
in analogy to the gauge choice for the vector potential A^(x) in electrodynamics. A 
particularly convenient requirement is represented by the harmonic condition 

g^(x)T^(x) = (2.9) 

whose linearization reads 

d^K(x) = \d v h{x) (2.10) 

To our purpose it turns out to be even more convenient to choose a restriction of the 
general harmonic gauge, that is 

dphlfrx) = 0, h(x) = (2.11) 

This choice, in addition to some algebraic simplifications, also avoids the more serious 
ordering problem that would be present in some terms of equation (|2.7|) . Finally we 
consider the linearized gravitational field as the one produced by a wave of arbitrary 
spectral composition and polarization properties, but propagating in a fixed direction: 

9ftv{ x ) — r l^v "b hfj,i/{ K x)i hfj,v{n>x) = a^ u f\K x ) , k x = k-x . (2.12) 

Here k 2 = and a^ u = a V u is the polarization tensor. Due to these choices the equation 
1)2.1 ljl then becomes 

fcX = 0, < = (2.13) 
and it is easy to cast the linearized Klein-Gordon wave equation 1)2 .7|) into the form 

(d^df, - hT(x) d^d v + m 2 ) <t>(x) = (2.14) 

Remembering the derivation of the Volkov solution for the problem of spin i particle 
in a electromagnetic wave field jS], ^0j, we look for a solution of ()2.14j) in the form 

<j> p {x) = (2 P0 V)-$ exp(-ip-x-iF{ Kx )), (2.15) 
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where p^ is a constant 4-vector and F(k x ) — ► as x° — > — oo. Moreover, since F(k x ) is 
still an undetermined function, by adding to an arbitrary 4-vector proportional to k^ 
we obtain a wave function <p p {x) of the same form. Therefore, without loss of generality 
we can impose on the 4-vector p^ the mass-shell condition p 2 = m 2 . After substituting 
the solution (|2.15|) into equation (|2.14l) and taking into account the mass-shell relation, 
the null character of k^ and the harmonic gauge condition (|2. we obtain for F(k x ) the 
following first-order differential equation: 

2k-p F'( Kx )- Pfl p u h^( Kx ) = (2.16) 

where F'(k x ) is the derivative with respect to the argument. By integrating this first 
order equation, from (|2.16|) we finally obtain for 4> p (x) the Volkov-like solution 

^x 

cj) p {x) = (2 P0 V)~% exp (-ip-x - J dn h^{K) p pPu ). (2.17) 

— oo 



3 Green's function for the scalar particle 

The standard way of obtaining the Green's function for the wave equation is to solve the 
non homogeneous boundary value problem with an added delta-function source term (see 
e.g. HH): 

( - h^(x) 8 p d u + m 2 ) A F (x, y) = -5\x - y) . (3.1) 

By extracting the singularity due to the mass shell condition, we can assume for the Green 
function the form 

AH^)=/^^^i" iF M (3.2) 
J (27TJ 4 p z — m z + te 

where k x = k-x, K y = k-y. The complete Feynman's propagator Ap(x,y) is therefore a 
superposition of free propagators modulated by the phase factor exp {— iF\{n x , K y )}. The 
equation for Fi(k x , n y ) is determined by (|3.1II3.2|) and reads 

d * p e -ip-(X- V )-iF 1 ( Ka , K y) d F 1 (K X ,Ky) 

2k-p y - p^PvW (k x ) 



(27r) 4 p 2 — m 2 + ie 



AIL e ~ip- (x~y)(i_ e ~iFi (k x , k v ) J (33) 



The term in square brackets on the left-hand side of (|3.3|) is just the equation (|2.16j) . 
Therefore the left-hand side of (|3.3j) vanishes if we take 



Fi(K x ,K y ) = — — / dnp^pyh^^K) (3.4) 
2k-pJ 

Ky 

We now verify that the integral on the right-hand side of 1)3.3(1 vanishes too. We first 
separate the component of p^ in the direction of k^ ^To\ , p^ = p' + a where p' ^ spans 
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a three-dimensional surface. Then the function F\(k x , k v ) is independent of a and we can 
integrate over a getting 

da 



~ia(K X -Ky)^_ ^iF^, Ky) ^ = _ Ky ) ^ 1 _ e ~iFl(K X , Ky) ^ _ ^ 



The right hand side of 1)3.5)1 is obviously vanishing in view of 1)3. 4jl . The Green's function 
has therefore the form 

r d 4 P e-w-^-y) / i 7 \ 

Ky 

This Feynman kernel was derived in paper )llj by looking at the problem in a semiclassical 
way and by evaluating the quantum mechanical path-integral in a closed form. 

We would now like to comment on the classical nature of the results so far obtained 
for the wave function 1)2.17)1 and the Green's function 1)3.6)1 . Indeed the classical action for 
a relativistic scalar particle in an external gravitational field, 

T f 

S = -m I (g^ (:r) x^ x v ) ^ dr (3.7) 



is obtained by integrating a singular Lagrangian, giving rise to the first class constraint 
X = 9^ u ( x ) P/iPu — m2 and to a vanishing canonical Hamiltonian. An extended Hamil- 
tonian proportional to the constraint, H.e(x,p) = ol\X ls then defined. For a linearized 
gravitational wave field as ()2.12)) and in the harmonic gauge 1)2.11)) we have 

H E {x,p) =OL X {jf v VilVv -h ilv {x)p VL p v -m 2 ) (3.8) 

Writing the corresponding covariant Hamilton-Jacobi equation 

dS(x,p) dS(x,p) _ dS(x,p) dS(x,p) _ ^ 2 = 

' dxv dx u { ' dx» dx u ' ' { ' ' 

we shall look for a solution of the characteristic Hamilton function S(x,p), expressed as a 
function of the coordinates x M and the initial momentum pP, of the general form 

S(x,p) = -p-x - Si(k x ) . (3.10) 

From 1)3.9)1 and 1)2.13)1 we get the differential equation 

2k-p S[(K x )-h^(K x ) PflPu = 0, (3.11) 

identical to equation p. 16)1 for F(k x ). Hence 

k-x 

S(x,p) = -p-x - J dKh^ h '(k) p^pv (3.12) 

— oo 

so that the Volkov-like solution ()2.17)l turns out to be 

M*) = (IPoVr 1 * e iS ^P) (3.13) 

The WKB method applied to 1)2.141) therefore gives exact result in the first order approx- 
imation, i.e. we have found an exact classical solution of equation 1)2.14)1 . 
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4 Dirac particle in an external gravitational wave: linear 
theory 

We now study the same problem for a spin ry particle, considering the gravitational wave 
as an external field defined in a flat Minkowski background. (For the connection with 
the canonical intrinsic approach using Dirac equation in curved space-time, see ^3] ). 
Consequently the minimal linearized Lagrangian describing the interaction of fermionic 
matter with a given gravitational field treated as a spin two external field in a Minkowski 
background is given by the expression ^3 

h = L -^h IIU (x)T^(x), (4.1) 

in complete analogy with the scalar case described by eq. (|2.6[) . The Lagrangian density 
of the free fermionic matter Lo and the corresponding symmetrized energy-momentum 
tensor Tq {x) are given by the equations 

L = - il>(x) ( i^dl - m ) ij){x) + - ip(x) ( -1^% - m ) ip(x) (4.2) 

Tg v (x) = -rfU + \ ( i>{x) ( -fP - 7 ^cP ) ip{x) + ${x) ( -flfi - 7 U (P ) i/>(x) ) (4.3) 
The Lagrangian density L then becomes 

L = (1 + \h{x)) L - % - h^{x) ij(x) ( 7 X - jX ) 4>{x) (4.4) 

and it can also be considered as obtained from the Lagrangian density established in 
general relativity for the interaction of the Dirac field with a prescribed gravitational field 
in the linear approximation |12j.|13j. The Dirac equation we derive from (|4.4|) turns out 
to be Q3] 

( (1 + l -h(x)) ( i-fdn -m)- 1 - hT(x) 7/ A - % - d v h^{x)^ + % - d^h{x)^ ) i>{x) = (4.5) 
or, multiplying it again by (1 — ^h(x)) and taking the linear terms in h^ w (x), 

( ( iVfy - m) - l - h^(x) <fd„ - ~ duhTixYfn + ~ d^xyf ) i,{x) = (4.6) 

The harmonic condition (|2.11j) further simplifies the wave equation ([4.6]) giving the final 
form 

( - % - (x) 1}l d v - m ) V(x) = (4.7) 

Moreover, since the external field represents a linearized gravitational wave, we assume 
again for h liu (x) the expression hfj, u (K x ) given in (|2.12I2.13|) . 

Instead of solving the first order Dirac equation Q4.7|) , in analogy to what is done for the 
electromagnetic interactions [10] . we find it easier to consider the second order equation 
obtained by applying to (|4.7|) the operator (27^ — '(k x )^ ^d v + m) . By using the 
supplementary gauge condition ([2.11]) we finally get 

- h^(K x )d^d u + l -a^ v {d»h up {K x )) d p + m 2 ) il>(x) = (4.8) 
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If we compare (|4.8f) with the scalar analogous equation (|2.14|) . we can see that they are 
identical but for a term representing the spin-gravitational field interaction, as should be 
expected. Hence we shall assume for the solutions of Q4.8JI a general form 

rP P;S {x) = (2 P0 V)-^ e"^' x G{k x ) u(p, s) (4.9) 

with the initial condition 

if> P j(x) _ (2 Po V)-ie- i P- x u(p,s) (4.10) 

x° — * — oo 

where u(p, s) is a constant spinor which is a solution of the corresponding free Dirac 
equation (7 M p^ — m) u(p, s) = . Using the relations k 2 = k^ h^^Kx) = h^(K x ) = and 
p 2 = m 2 , from Q4.9|) and (|4.8|) we get the first order differential equation 

2k-p G'(k x ) + i(h^(K x )p^p u - l - k»p v °w ) G(k x ) = (4.11) 

with solution 

G(k x ) = ex P (-^ J dn ( h^{K) p,p v -\ k»p v a pli )). (4.12) 

— oo 

Taking into account that {k^p u a vp & P u) n = for n > 1, after some straightforward 
simplifications the Volkov-like solution (|4.9|) can finally be put into the form 

ip(x) = (2p V)"^(l + ^kV Pu h up (K x )a p ^ exp(-ip-x- ^— J dn '(«) p^Pu) u{p,s) 

— oo 

(4.13) 

where, as usual, a pv = §[7^,71/] [K] • 

5 Green's function for the Dirac particle 

We present here a direct calculation of the electron Green's function in the presence of an 
external gravitational plane wave. The Green's function satisfies the equation 

(i^d,, - l -h^( Kx ) lfl d u - m) S F (x,y) = 5\x-y) (5.1) 

with the usual associated boundary conditions. As in Section 4 we prefer working with a 
second order equation. In fact, if we let 

S F (x,y) = - ^ u ( Kx )^d„ + m) A F (x,y) (5.2) 

then, using again the gauge condition (|2.11|) . we find that Ap(x,y) satisfies 

( d"dr - h^( Kx ) 8^d u + % - (dW(n x )) d p + m 2 ) A F (x, y) = -5 4 (x - y) (5.3) 
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Equation (|5.3[) is identical to the analogous equation ()3.1)) for the scalar particles but for 
the spin term (i/2)a /iu (d^h vp (K x )) d p . It is therefore natural to look for a solution of 
the form 

r rl 4 n f>~ ip-(x — y) . _ , . 

M*>v) = Nrv* - — rr e l( " ,,,t ' ) N ^ K ^ (5 - 4) 

J (27t) 4 p z — m z + it 

where Fi(k x ,k v ) is the same as in the scalar case (see eq. 1)3.4(1 ) and N(n x ,K y ) is an 
unknown function to be determined. From (|5.4|) and l|5.3() the equation for N(k x ,k v ) 
becomes 

d A p e -ip-{x-y)-iF 1 {K x ,K y ) x dh»P( Kx ) 

(2^)4 p 2_ m 2 + ie \ 2 k PV dK x ^ N[KX > Ky) + 

ik -P^P^l ) = J £^e-*P<* - y)(l- N( Kx , Ky ) e-^> «v) ) (5.5) 
The left-hand side of eq. 1)5. 5 jl vanishes by choosing 

7V(/^, = exp ( ^i- J dn k^pv dh ^ ) ( 5 - 6 ) 

and, as in the scalar case, we easily verify that the right-hand side vanishes too. Thus 

k-x 

-ip-X-—— / tfc W (k) PaPv 

d A p ( % „ „„, x \ 2k 'P J 



2U 



ah*, y) = Jj2^( 1 + ihp~ k " Pv hVP{Kx) *»> 



~2 ( 1 " TIT" ^ ^( / %) ^ ) e " ' ''~ x ( 5 - 7 ) 

is a solution of the inhomogeneous second order Dirac equation 1)5.3)1 and from equation 
1)5.2)) we finally get for the Feynman propagator Sp(x,y) the expression 

Sf(s,I/) = (*7^-^(«*)7A + ™) A F (x,y) 



(2^ ( 1+ 4^ ^^("J^) jj^TO (!" 4^*V/.-(K„)^) 
exp(-ip-(x - y) - ^ ck W (k) p^p u ^ (5.8) 

As we have already discussed for the scalar particle in Sect. 3, it would be interesting 
to show the pseudoclassical nature of the results obtained for the Dirac particle too. We 
start with the pseudoclassical Lagrangian for a spin-^ particle in an arbitrary external 
gravitational field f9J 



L = --g^(x) C (C + n p (x)xf>( x ) - -CsCs - m 9(tt ,(x) (s" - -^Cs) (x" - -CCs) 2 
2 H 2 v m m ' 

(5.9) 
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where T^ p (x) are the usual Christoffel symbols and the Grassmann variables ^ are quite 
naturally introduced, since in quantization they correspond to the use of the spin matrices 
conform to metric 7^ (see for instance and references therein.) By introducing the 
vierbein field G A (x) and its inverse Hg(x) 

9^(x) = vab G A (x) G*{x) , sTix) = r, AB (x) H*(x) H v B {x) (5.10) 

H%{x) G A (x) = Si , H»(x) Gj(x) = 6% (5.11) 



we can transform a world four-vector £^ into a "local" one and we can also introduce 
Grassmann variables ^ A corresponding, after quantization, to the usual Dirac matrices 
(flat space spin matrices) 

£ A = Gi(x)e, e = H<X(x)Z A , ^5 = C5 • (5.12) 

The singular Lagrangian 1)5 . 9 j) gives rise to the two first class constraints \D = ~~ 
im (7T5 — (i/2) £5) and x = g^ix) "PpPv — m 2 , where is the canonical momentum and 
'P/j. = P/j, — gpv{x) C p ^x(x) C A is the mechanical one. We also have a second class 
constraint 

K„ = ~g„Ax)C (5.13) 

and, in addition, we can further require Ej 

vr 5 = -^C 5 . (5.14) 

The relations (j5.13B5.lH) form a set of second-class constraints whose relevant Dirac brack- 
ets are 

{C5,Cs} = -i, {e,C} = ig^(x), {Z A ,f} = iv AB - (5.15) 

Some remarks on the quantization are now in order. The Dirac brackets (|5.15|) give 
the anticommutation rules 

= 1, [£ A ,t B ]+ = -V AB , [e,CU = -g" U (x). (5.16) 
The first and the second relation can be satisfied by putting 

& = 75, ^ = 2-275/ (5-17) 

where 75 and 7^ are the usual flat space Dirac matrices. We must now choose a represen- 
tation for the algebra of the operators A possible choice which will correspond to the 
use of the spin matrices conform to metric is 

C» = H» A {x)l A = 2- 1 2 lbl » (5.18) 

where 

W,Y]+ = W(x) (5.19) 
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As usual, the extended Hamiltonian TCe is written as a linear combination of the first-class 
constraints with arbitrary coefficients and the simplest choice appears to be 

H E = ai isTix) V„V V - m 2 ) . (5.20) 

The constraint \D becomes xd = C M — ^Cs; once eq. (|5. 14f) is accounted for. It 
could be used, after quantization, for constructing the spinorial states. Considering again 
the restriction to a linearized gravitational wave field in the harmonic gauge, H2.12l2.r5)) 
and taking into account the linearized form H^(k x ) = 5^ — (1/2) h^(K x ), G^(k x ) = 
fift + (1/2) hw(K x ) of the vierbein fields we finally get 

U E = ai (tT PpP* ~ h» v {K x ) P^P V + iP p ^ x) ^ - m 2 ) (5.21) 
Therefore the variables satisfy the linearized relations 

C M = £ M -^(zK A (5.22) 

and we finally obtain the following equation for the Hamilton's characteristic function 
S(x): 

as^as^ as^as^ _ m2 = 

ox^ ax v ox^ ax v ox p ox^ 

The solution (|3.12j) obtained in the scalar case suggests, for the pseudoclassical Hamil- 
ton characteristic function, the ansatz 

S(x) = -p-x - ^— J dK PflPu h^{n) + S d {k x ) . (5.24) 



2 k . p -_^> + ik , Pu ^_y^ ^ = (5 _ 25) 



The unknown function Sr> will satisfy the first-order differential equation 

dn x dip x 
with solution 

Sd(x) = J dK fcMp^^M^^ (5.26) 

— oo 

It can easily be seen that the operator S obtained upon quantization - through the 
use of eqs. 1)5.17)1 - of the pseudoclassical S(x) given in (|5.24j) can be represented as 

S = -p-x -J-Jd* (h^(K) PflPu - ik»p v ^^* ptM ) (5.27) 

— oo 

1 ' Q 

Therefore by applying the operator (2poV)~ 2 e to a free constant spinor u(p, s) we see 
that the Volkov-like solution 1)4.13)) will be written as follows 

tp(x) = (2p V)~^ e iS u(p, s) (5.28) 
completely showing the semiclassical nature of the solution. 
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